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Skyrmions were first introduced in particle
physics as topologically nontrivial field configu-
rations to model nucleons [1]. In a condensed
matter setting, skyrmions appear as topological
magnetic swirls in quantum Hall systems [2–5],
bulk and thin film magnets [6–20], and artificially
engineered systems such as magnetic multilayers
[21–23] and oxide interfaces [24–26]. Research in
this field has led to the discovery of the topolog-
ical Hall effect in ferromagnetic skyrmion crys-
tals [27, 28] and an ongoing hunt for nanoscale
skyrmions in frustrated antiferromagnets [29–33].
In our work, we study the effect of nonlinear
mode-mode coupling in skyrmion crystals. For
frustrated antiferromagnets, this leads to a theory
for short-period Bloch skyrmion crystals in ma-
terials like Gd2PdSi3 where recent experiments
report a giant topological Hall effect [34]. For
ferromagnets with Dzyaloshinkii-Moriya interac-
tions, such nonlinearity leads to highly field-
tunable Ne´el skyrmion crystals, realizing a Berry-
Hofstadter butterfly and a novel phenomenon we
term “topological quantum oscillations”.
In many solid-state materials, such as MnSi, skyrmions
occur as crystals — periodic noncoplanar textures from
a superposition of multiple spin spirals [9, 10, 12, 17, 27]
created by the Dzyaloshinskii-Moriya (DM) exchange in-
teraction which is present in noncentrosymmetric sys-
tems. An electron moving in such a spin texture picks
up a Berry phase [35–37]. The resulting Berry flux, aris-
ing from the scalar spin chirality of the skyrmion crystal,
modifies the conventional Hall effect due to an orbital
magnetic field and leads to an observed additional “topo-
logical Hall effect” contribution [27, 28].
More recently, skyrmion crystals have been discov-
ered in a metallic layered-triangular antiferromagnet
Gd2PdSi3 [34]. In this systems, the spiral magnetism
appears to be favored by frustrated Gd-Gd magnetic ex-
change couplings on a triangular lattice. In general, such
frustrated antiferromagnets can host stronger spin twist-
ing, which may lead to smaller skyrmions and denser in-
formation storage. At the same time, they can support a
large scalar spin chirality [30, 31, 38] and can even exhibit
a quantized topological Hall effect [29–33, 39, 40]. In-
deed, recent experiments on Gd2PdSi3, a material where
early work had reported a resistivity minimum possibly
tied to short-range magnetic correlations [41], have pro-
∗Electronic address: arunp@physics.utoronto.ca
vided evidence for a remarkably large topological Hall
effect [34] attributed to skyrmions.
Inspired by these observations, we explore skyrmion
crystals in a two-dimensional (2D) triangular lattice, and
study the effect of a Zeeman magnetic field on the spin
textures, and the impact of such spin textures on the
electronic bands. Our motivation for this study is partly
to understand what type of interactions can stabilize
skyrmion crystals in antiferromagnets, and if broken in-
version symmetry is crucial for their existence or for ob-
serving the topological Hall effect. This is expected to be
an important ingredient in the search for antiferromag-
netic skyrmion materials. A second motivation stems
from the idea that if one can manipulate the skyrmion
crystal, one can control its topological Berry flux. If this
can be achieved with purely a Zeeman magnetic field,
which couples to the local moments but not directly to
the orbital motion of the electrons, it yields a new mech-
anism for quantum oscillations arising from an “emer-
gent magnetic field”, distinct from Landau quantization
in an external orbital magnetic field. We term this phe-
nomenon “topological quantum oscillations”.
We begin with a microscopic spin model with compass
and DM exchange interactions, to show that a symmetry-
allowed quartic anisotropy can induce strong mode-mode
coupling between the spiral spin modes and the uniform
magnetization mode. In the presence of a Zeeman field,
this mode coupling tunes the spiral wavevectors due to
an effective renormalization of the quadratic single-ion
anisotropy. This interplay leads to skyrmion lattices
which are highly field-tunable; for 3D cubic multifer-
roic Cu2OSeO3 [18], this has also been experimentally
reported and discussed within Landau theory [42].
In systems with dominant FM couplings and DM in-
teractions, we find a field-induced Ne´el skyrmion crystal.
Increasing the Zeeman field in this skyrmion crystal leads
to a decrease in the magnitude of the spiral wavevector,
resulting in an expansion of the skyrmion lattice. For
the case with inversion symmetry (no DM interactions)
and frustrating AFM couplings, we find that the Zeeman
field leads to an increase in the spiral wavevector mag-
nitude, together with an intermediate Bloch skyrmion-
crystal phase, as recently observed in Gd2PdSi3 [34].
In the FM case, a computation of the band structures
of electrons Kondo coupled to this “breathable” spin
texture reveals the formation of Chern bands. Indeed,
we show that this setup provides a realization of a tun-
able Berry-Hofstadter model driven by tunable real space
Berry fluxes. Due to the field-tuning of the skyrmion lat-
tice, we show that even a purely Zeeman magnetic field
acting on the local moments leads to topological quan-
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FIG. 1: (a) Phase diagram of the triangular ferromagnet with
DM interaction as a function of λ⊥ and B showing topolog-
ically trivial single-Q spiral and FM phases, and nontrivial
triple-Q skyrmion-crystal phase. We have fixed D = |J1|,
Ac = 0.4|J1| and As = 0.5|J1|. Color scale shows optimal
momentum Q∗ in different regimes. Hatched region indicates
a triple-Q regime where the core spins have flipped from neg-
ative to positive magnetization before entering the polarized
FM phase. This phase has a trivial total Berry flux, but is
unstable after we keep a large number of harmonics and im-
pose the hard constraint S2i = 1. (b) Field dependence of
Q∗, at a fixed λ⊥ = 0.3, displaying strong variation in the
skyrmion-crystal phase. The inset shows the intensity plot of
the spin structure factor inside the first Brillouin zone for a
typical skyrmion crystal, featuring peaks at the center Q = 0,
the primary triple-Q wavevectors and higher harmonics. (c)
Structure of the Ne´el skyrmion with negative magnetization
at the core. (d) Spatial variation of solid angle Ω subtended
by three noncoplanar spins on elementary triangular plaque-
ttes. Ω/4pi sums to a topological charge (−1) per skyrmion.
tum oscillations in the electronic density of states. This
remarkable effect, which effectively arises from scanning
through this novel realization of the Hofstadter butterfly
spectrum, should manifest itself in various physical ob-
servables, e.g., the electronic specific heat and transport
of such skyrmion metals.
I. RESULTS
A. Model
We begin with a Hamiltonian describing classical spins
on a triangular lattice, which has the key ingredients pre-
viously shown to stabilize 2D skyrmion crystals within a
Landau theory [14, 24, 25]:
H0 =
1
2
∑
i,j
JijSi · Sj +D
∑
〈ij〉
(zˆ × rˆij) . (Si × Sj)
− Ac
∑
〈ij〉
(Si ·(zˆ × rˆij)) (Sj ·(zˆ × rˆij))− B
∑
i
Siz. (1)
Here Jij is the Heisenberg exchange; we may choose
Jij < 0 as appropriate for a ferromagnet, or Jij > 0
to represent a frustrated antiferromagnet. SOC induces
two important anisotropic exchange interactions: Ac is
a compass term which is symmetry-allowed even in the
presence of inversion symmetry, while D is the chiral
Rashba DM interaction which arises only when zˆ → −zˆ
inversion symmetry is broken. The microscopic deriva-
tion of this term in Rashba metals has been recently re-
visited [43, 44]. Dresselhaus DM interaction however is
not allowed by vertical-plane reflections σv of the trian-
gular lattice. The Zeeman field B allows for control of
the ground state of the system. Increasing B leads to
a transition from single-mode spiral order to a triple-Q
skyrmion crystal, and eventually to a polarized ferromag-
net at large B [24, 45]. We supplement H0 with two terms
H1 = As
∑
i
S2iz + λ⊥
∑
i
S4iz (2)
Here As is a single-ion anisotropy which has been previ-
ously shown to influence the stability of skyrmion-crystal
order [8, 14, 24, 45, 46]. The ingredient we focus on here
is the local anisotropy λ⊥ > 0 which is the single non-
trivial quartic coupling allowed by the C6v symmetry of
the lattice. As discussed below, this term leads to strong
mode-mode coupling and field-tunable skyrmion lattices.
Our results below are obtained via an extensive varia-
tional optimization for the skyrmion crystal solutions (see
Methods).
B. Ferromagnet with DM interactions
We begin with the case of a ferromagnet with broken
inversion symmetry, setting Jij = J1 < 0 for nearest-
neighbor FM exchange, and Ac, D 6= 0. The result-
ing phase diagram, upon tuning B and λ⊥, is depicted
in Fig. 1(a). For λ⊥ = 0, this is consistent with pre-
vious studies, exhibiting spiral, skyrmion crystal, and
FM phases with increasing B [24]. Our key observa-
tion is that incorporating λ⊥ 6= 0 leads to a qualitatively
similar phases. The key difference is that the primary
wavevectors Q∗, which lie in the Γ-M directions, now
exhibit a strong field dependence, as seen from Fig. 1(b).
This leads to a strong field dependence of the skyrmion-
crystal lattice constant. We trace this dependence of Q∗
on B to an effective renormalization of the easy-plane
anisotropy. This is heuristically seen from a Hartree-
level treatment [42] of the λ⊥ quartic term, which yields
Aeffs = As + 6λ⊥m
2
0, where m0 increases with increas-
ing B. This renormalization of As leads to a change in
the optimal Q∗, thus tuning the skyrmion crystal (see
Supplemental Material).
The spin texture stabilized in this system is a lattice
of Ne´el skyrmions as depicted in Fig. 1(c). We find that
3the solid angle Ω subtended by the three spins on each
elementary triangular plaquette shows a strong spatial
variation, being higher at the skyrmion core, as seen from
Fig. 1(d). (In the continuum, Ω = S ·∂xS×∂yS.) Adding
up Ω/4pi across the lattice, we obtain an average topolog-
ical charge (−1) per skyrmion. When the Zeeman field
enhances the skyrmion-crystal lattice constant, this flux
gets distributed over a larger area. We thus expect elec-
trons moving in such a spin-textured background to sense
an average “emergent orbital field” which decreases as we
increase the Zeeman field on the local moments.
C. Inversion symmetric antiferromagnets
We next turn to the antiferromagnet Gd2PdSi3, where
recent experiments have reported nontrivial spin textures
via the discovery of a large topological Hall effect at in-
termediate applied magnetic fields [34]. Gd2PdSi3 has
a layered structure with triangular lattices of Gd mo-
ments spaced apart by metallic Pd/Si layers. In each
Pd/Si layer, the Pd and Si atoms could form a super-
structure with a quadrupled unit cell [34]. We find this
leads to bond-dependent DM interactions; for simplic-
ity, we ignore such spatially varying DM terms, and in-
stead assume a homogeneous random configuration or a
short-correlation length superstructure for the Pd and Si
atoms. The crystal structure then has inversion symme-
try on average about the Gd-Gd bond centers, and the
DM exchange interactions between the Gd moments can
then be dropped, thus simplifying our model Hamilto-
nian. However, we retain the compass anisotropy which
is symmetry-allowed (even when inversion symmetry is
present) and appears to be important for magnetism in
Gd2PdSi3. Magnetic resonant X-ray scattering (RXS)
[34] has found evidence for incommensurate magnetic or-
der with wavevectors along Γ-M line in the hexagonal
BZ. Such magnetic ordering could arise from interactions
mediated by the conduction electrons.
To understand these observations, we study the Hamil-
tonian H0+H1 from Eqns.1,2, applied to a single triangu-
lar Gd layer embedded in the crystal, with FM nearest-
neighbor exchange J1 < 0 and large AFM frustrating
next-neighbor exchange J2 > 0. Inversion symmetry
leads to the absence of a DM interaction between Gd
moments, thus D = 0. However, a compass term is per-
mitted, so we set Ac 6= 0. Our work goes beyond previous
studies of skyrmions in this frustrated magnetic Hamil-
tonian [30, 31] by incorporating the impact of symmetry-
allowed quartic couplings as well as compass terms. As
in the FM example, we have examined variational single-
Q and multi-Q orders for the ground state of this AFM
Hamiltonian (see Methods). We thus arrive at the phase
diagram shown in Fig. 2(a). We find in this case that
the zero-field single-Q spiral order gives way to a triple-
Q state with increasing B, which in turn gives way to a
double-Q state. This sequence of phases is qualitatively
consistent with the magnetic RXS results [34]. The even-
tual polarized ferromagnet appears at much higher fields
B >∼ 30|J1|, which has not been accessed in experiments
at the lowest temperature. Interestingly, we find that the
characteristic wavevector Q∗ of the spirals making up the
spin texture increases slightly in this case as we increase
B as shown in Fig. 2(b). Precisely such a trend has been
observed in Gd2PdSi3 [34]. With increasing field, the
intensity in the FM component increases, while the in-
tensity in the incommensurate wavevectors decreases.
The real-space spin texture in the intermediate-field
triple-Q state is shown in Fig. 2(c). We find that the
crystal is made of Bloch skyrmions in a ferromagnetic
background. Fig. 2(d) shows the spatial variation of the
solid angle Ω subtended by the three noncoplanar spins
on each elementary triangular plaquette, with the circles
indicating the cores of the skyrmions. Summing Ω/4pi
over the magnetic unit cell yields a net topological charge
(−1) per skyrmion. In this AFM case, due to the shorter
length scale associated with the spin texture, the dis-
tinction between the interskyrmion separation and the
magnetic unit cell periodicity alluded to earlier is clearly
visible in the spatial structure of the texture as well as Ω.
For instance, Ω around each skyrmion core has a slightly
different pattern, and the periodicity is only recovered at
a longer length scale of the magnetic unit cell.
Here, the skyrmion crystal is stabilized by the interplay
between the quadratic and the quartic anisotropy terms,
As and λ⊥ respectively, while a nonzero Ac is needed
to get a tunable Q∗. We find Ac > 0 favors Ne´el-type
skyrmion crystals, while Ac < 0 stabilizes Bloch-type
skyrmion crystals; however, only the latter also leads to
the observed enhancement of Q∗ with field. We thus ex-
pect Ac < 0, and predict that the experiments should
observe a lattice of Bloch skyrmions. More importantly,
if we assume Ac = 0, the Hamiltonian for this classical
spin system has a global symmetry under which we can
flip all Sx → −Sx or Sy → −Sy. This operation also
flips the skyrmion topological charge [30]. Since the real
crystal would then be expected to have equal number
of domains of this spontaneously broken symmetry, this
would lead to a zero average topological Hall effect. This
is in striking contrast to the observed large topological
Hall effect. We thus identify a nonzero compass exchange
term, which explicitly breaks this global spin flip symme-
try and selects a specific charge Q = −1 for the skyrmion,
as a crucial ingredient for observing a nonzero topological
Hall effect in centrosymmetric frustrated magnets.
D. Topological quantum oscillations
We finally turn to the nature of electronic bands which
emerge from coupling conduction electrons to highly tun-
able skyrmion lattices, focussing here on ferromagnets
with DM exchange. We consider a nearest-neighbor or-
dinary hopping t and Rashba hopping χR for the conduc-
tion electrons, and assume that the electrons sense the
underlying spin texture {Si} via a ferromagnetic Kondo
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FIG. 2: (a) Phase diagram of the triangular AFM model with compass term as a function of quartic anisotropy λ⊥ and field
B for fixed As = −0.25|J1|, Ac = −0.2|J1| and J2 = 4|J1|. With increasing B at fixed λ⊥, we find an evolution from single-Q
to a skyrmion crystal to a double-Q phase. The hatched region is a trivial triple-Q phase, featuring a triangular array of
negative-magnetization islands in a positive-magnetization background, similar to the “bubble crystal” studied in Ref.[47]. (b)
Evolution of the wavevector Q∗ with B. Both (a) and (b) are qualitatively consistent with data on Gd2PdSi3. The insets
are typical intensity plots of the spin structure factors inside the first Brillioun zone for the skyrmion crystal phase and the
double-Q phase. (c) Spin texture in the skyrmion-crystal phase, showing Bloch skyrmions (centered on blue hexagons) in a
ferromagnetic background. (d) Spatial variation of the solid angle Ω subtended by the three spins on elementary triangular
plaquettes; circles denote the skyrmion cores. Summing Ω/4pi yields an average topological charge (−1) per skyrmion.
interaction JH > 0 [32, 37] which can physically arise
from atomic Hund’s coupling (see Methods for details).
The resulting number of electronic bands depends on
the skyrmion lattice. If we pick Q∗ = (4pi/
√
3)(m/n)yˆ
(and its symmetry-allowed partners) as the best approxi-
mant to the optimal spin-crystal wavevector, the periodic
“magnetic unit cell” of the triple-Q state has n2 trian-
gular lattice sites and encloses m2 skyrmions. This hosts
2n2 bands including spin.
This commensurability effect of the skyrmion lattice
with the underlying crystal lattice does not appear in
continuum field theories. It has also not been discussed
in previous work on lattice models, since these have only
studied the simplest example with fixed m = 1 [32, 33].
Here, and more clearly in the AFM model below, we will
see that this more general case results in the Berry flux,
and indeed all local observables, exhibiting small modu-
lations from one skyrmion to the next, with periodicity
recovered over the magnetic unit cell. Crucially, we find
that adding up the solid angles subtended by the three
spins on an elementary plaquettes leads to a quantized
result, in units of 4pi, only when we sum over all m2
skyrmions in the magnetic unit cell. Thus, the topologi-
cal charge per skyrmion is quantized to (−1) only when
averaged over the full magnetic unit cell.
The resulting band dispersions for χR/t = 0,±0.1 and
JH/t = 5 are shown along high-symmetry paths in the
BZ in Fig. 3(a). The plotted bands correspond to half
of all the 2n2 bands, where conduction-electron spins are
aligned with the local moments. In all cases, these low-
energy bands appear isolated and have Chern number
C = −1, resembling somewhat dispersive Landau lev-
els. Thus, at special electronic densities which fill up
an integer number of these bands, we would expect a
large quantized topological Hall effect [32, 33]. The high-
energy bands come in pairs due to band sticking along
the high-symmetry Γ-M line; in this case the total Chern
number of the pair is Cpair = −2. In an intermediate-
energy window, around E/t≈−3, we find a set of bands
carrying large positive Chern numbers C  1, which
ensures that the Chern numbers over all bands sum to
zero. For |χR|  t, this occurs around the van-Hove sin-
gularity in the density of states (DOS) of the triangular
lattice, where a Lifshitz transition occurs near the M -
point. This distribution of Chern numbers is analogous
to that for the Hofstadter model [33].
Fig. 3(b) plots the electronic DOS at the Fermi level as
we vary the Zeeman field B on the local moments, stay-
ing at a fixed electron density ρ = 0.1 electrons per site
of the original triangular lattice. Despite the low energy
Chern bands having some dispersion, we find that the
DOS shows clear topological quantum oscillations, even
though the electrons are not subject to any direct or-
bital magnetic field! The oscillations can be understood
by observing that the expansion of the skyrmion lattice
leads to a decrease in the average Berry flux density. This
problem is thus analogous to studying a Hofstadter model
with a decreasing magnetic flux φ per plaquette [48, 49].
In the conventional Hofstadter problem, varying φ leads
to a rich Hofstadter butterfly spectrum due to the inter-
play of two length scales — set by the unit cell area of
the underlying lattice and the area of the magnetic unit
cell. In our problem, the role of φ is effectively played
by Q∗2 = [(4pi/
√
3) (m/n)]2. As the Zeeman field B is
tuned, Q∗ changes, and the oscillations in the DOS can
thus be identified with a scan in φ through the Hofstadter
butterfly spectrum. Our model differs from the conven-
tional Hofstadter model in that the flux per plaquette is
not really uniform, and there exists a third length scale
– the skyrmion size – characterizing the spatial inhomo-
geneity of the emergent “orbital magnetic field”.
These topological DOS oscillations should impact all
physical observables. Since we are tuning the Zeeman
field B on the local moments, this nontrivial effect is
5(b)
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FIG. 3: (a) Band structure along high-symmetry paths in
the hexagonal BZ in the skyrmion-crystal phase for the fer-
romagnet with DM interactions. The conduction electrons
are assumed to have ordinary hopping t, a Rashba hopping
χR = 0,±0.1t, with a coupling to the localized spins via ferro-
magnetic exchange JH/t = 5. The plotted bands correspond
to half of all the bands, where conduction-electron spins are
aligned with the local moments. The low-energy bands are
well isolated, and carry Chern numbers −1. The high-energy
bands come in pairs, exhibiting band sticking along Γ-M , with
total Chern number Cpair = −2. Finally, there are a set of
bands near E ≈ −3t which are connected and carry large
C > 0 Chern numbers to ensure that the total Chern number
is zero. (b) Oscillations in the DOS at the Fermi level (in
units of t−1) for χR = 0 and fixed conduction electron den-
sity ρ = 0.1 electrons per site. These topological quantum
oscillations arise from the B dependence of Q∗.
distinct from previous studies which simply varied the
electron filling in a fixed skyrmion texture. The oscil-
lations we describe would be further impacted by the
direct Zeeman and orbital effects of the magnetic field
on the conduction electrons; however, the typically much
stronger effect of the skyrmion lattice and its Berry flux
should still lead to observable effects as deviations from
conventional quantum oscillations in skyrmion magnets.
II. DISCUSSION
We have studied magnetic skyrmions in 2D FM and
AFM systems, arguing that quartic anisotropies can lead
to field tunable skyrmion crystals. Such anisotropies can
arise from single-ion physics or from integrating out con-
duction electrons. For the FM case, where this field tun-
ability is highly pronounced, we have shown that topo-
logical quantum oscillations can arise from just the im-
pact of a Zeeman field on the local moments. The Chern
bands which contribute to these oscillations are already
somewhat dispersive; we thus expect disorder broadening
which is weaker than the scale of this bandwidth (which
is also comparable to the band gap) will not alter our
main results. The amplitude of these topological oscilla-
tions are not expected to follow simple Lifshitz-Kosevich
scaling since, unlike Landau levels, the emergent Chern
bands are not flat and equispaced in energy. The physics
underlying these topological quantum oscillations is not
crucially dependent on the triangular lattice symmetry
- thus, a heterostructure with an ultrathin metallic film
deposited on insulating Cu2OSeO3, where a field-tunable
skyrmion crystal has been reported [42], may be a poten-
tial venue for observing this effect. Further experimental
and theoretical work on such a proposed heterostructure
would thus be valuable, in assessing the viability of our
proposal, as would searches for more promising mate-
rial candidates. For the AFM case, we have found that
we can qualitatively understand recent observations of
multi-Q orders reported in Gd2PdSi3 crystals. We have
shown that the field dependence of the skyrmion wavevec-
tor and the subtlety in understanding the experimentally
measured large topological Hall effect in the intermedi-
ate skyrmion crystal phase can be consistently resolved
from the interplay of magnetic frustration and various
anisotropies including compass exchange terms.
III. METHODS
A. Variational optimization for skyrmion crystal
To study the ground states of the HamiltonianH0+H1,
we resort to a variational approach. We begin by impos-
ing the spin-length constraint S2i = 1 on average, set-
ting
∑
i S
2
i = N where N is the number of sites. For
λ⊥ = B = 0, a Luttinger-Tisza analysis yields degener-
ate spin-spiral solutions. We therefore consider a general
ansatz Si = m0 +
∑
n mne
iQn·ri , retaining the uniform
component m0, and a set of symmetry-equivalent spirals
with wavevectors Qn and amplitudes mn.
The simplest skyrmion lattice is constructed from a set
of three primary spiral wavevectors which sum to zero
(in addition to the FM mode), i.e. it is a triple-Q spin
crystal. The impact of the hard-spin constraint and the
nonlinear coupling λ⊥ 6= 0 is to generate higher harmon-
ics of these primary Q’s [10]. The full variational state
is obtained by optimizing the ansatz for {m0,mn,Qn}
(cutoff at a certain order in the harmonics), followed by
explicitly normalizing the spin vector at each site. See
Supplemental Material for details.
6B. Band structure of conduction electrons
To study the influence of the skyrmion crystal on con-
duction electrons, we have diagonalized a Hamiltonian
for electrons on the triangular lattice (same lattice as
the spins),
Helec = −
∑
j,`
tj`c
†
jαc`α−
∑
j,`
iχ
(j`)
R c
†
jα [zˆ × rˆj` ·~σ]αβ c`β
− JH
∑
j
Sj · c†jα~σαβcjβ . (3)
We have considered magnetic unit cells of up to n2 =
3600 sites with varying B, and diagonalized the corre-
sponding 2n2 × 2n2 electronic Hamiltonian at all mo-
menta k in the reduced hexagonal Brillouin zone (BZ)
of the skyrmion crystal. To compute the Chern number
of the electronic bands, we have considered a fine mo-
mentum discretization in the BZ, and used the method
discussed in Ref.50.
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